Joint remote state preparation (JRSP) of two-qubit equatorial state in quantum noisy channels 
Introduction
Suppose we create a pair of particle with a total spin of zero at laboratory A and then take one of the particles to a distant located laboratory B. If this particle in laboratory B is found to have clockwise spin on a particular axis, it would be fascinating to see that the spin of the other particle in laboratory A, measured on the same axis, would be in counterclockwise direction. This signifies that the quantum state of these particles cannot be elucidated independently. In other words, we refer to the particles as being entangled. Experimental realization of quantum entanglement has been presented in Ref. [1] .
The incessant avidity in studying entanglement is as consequence of its outstanding role in several aspects of communication processes. For instance, information stored in quantum system can be teleported from one location to the other with the aid of quantum entanglement which has been previously shared among the sending and receiving locations [2] . Quantum entanglement is also being utilized in quantum secure direct communication [3] , quantum dense coding [4] , hierarchical quantum communication [5] , etc. In fact, quantum entanglement can be regarded as the heart of quantum communication. With the trend of the search for its applications, one could say that some of its potential relevances are yet to be manifested.
Remote state preparation (RSP) [6] represents another quantum communication process that utilizes quantum entanglement. RSP is a teleportation of known state. This is because the sender does not own the particle but all the classical information about the state to be prepared for the remotely located receiver. The sender, say Alice, performs a projective measurement on her qubits in the shared entangled state with the receiver, say Bob and then communicates the result to Bob via classical channel. Depending on the outcome of the measurement, Bob can apply an appropriate quantum gate to reconstruct the original state that Alice intends to transfer from the shared entangled state.
This idea was expounded in papers of Lo, Pati and Bennett et al. [6] . Therein, the communication cost was found to be lower than that of teleportation protocol [2] . Due to its fascinating properties, RSP has attracted much attentions both within experimental [7, 8] and theoretical ( [9, 10] and refs. therein) context.
Moreover, RSP has a shortcoming due to the fact that, only one preparer has the complete information about the state to be prepared. Should the preparer not be faithful, then the protocol becomes insecure. Xia et al. [11] proposed JRSP in order to tackle this shortcoming in RSP. In the scheme, two parties share information of the known state and jointly collaborate to prepare a particle state for a distant located receiver. In fact, Zhang and co-researchers [12] have extended this idea to a case of multi-sender and multi-receiver. In line with this, a lot of outstanding works have been reported by so many erudite scholars. Few of these works can be found in refs. ( [13, 14, 15, 16, 17] and refs. therein). These contributions have been made by considering a close quantum system. However, the interaction of real quantum system with surrounding environment is ineluctable. This unwanted interaction is known as noise which causes gradual loss in coherent of quantum systems. Now, what will be the effects of noisy channels on JRSP? Only few studies such as [16, 17, 18, 19] have attempted to deal with related problems and to our best knowledge, JRSP of equatorial state under the influence of noise has not been studied till now. It is therefore the priority purpose of this study to examine this.
The schematic of our presentation is as follows: In section 2, we review a scheme for JRSP of two-qubit equatorial state using two maximally entangled tripartite GHZ class as quantum channel linking the three parties. In section 3, we study JRSP process under the influence of five noisy channels, namely; the bit flip, phase flip, bit-phase flip, amplitude-damping, phase-damping and depolarizing channels. Concluding remarks are given in section 4.
JRSP of two-qubit equatorial states
For a system of n qubits, the GHZ state can be written as |GHZ = |0 ⊗n + |1 ⊗n / √ 2. In this paper, we use tripartite GHZ class [20] ; (|000 + |111 ) / √ 2, (which evinces non-trivial multipartite entanglement) as quantum channel linking the three parties. GHZ is a type of quantum entanglement which involves at least three subsystems. It is commonly being referred as maximally entangled for some reasons which includes disobeying Bell inequalities maximally. GHZ is totally separable after loss of one qubit unlike W-class which is still entangled with remaining two-qubits. GHZ of three photons and three Rydberg atoms have been observed experimentally [21] . Using spontaneous parametric down-conversion, three-photon polarization-entangled W state had also been realized experimentally in ref. [22] . The motivation behind GHZ experiment is due to the fact that GHZ states manifest strong quantum correlations, such that an elegant test of the nonlocality of quantum mechanics is possible [23] .
Using a couple of the above GHZ state, i.e.
we review a protocol for JRSP of two-qubit equatorial state involving two senders and one receiver.
Although this problem had been studied recently in ref. [13, 14] , but this section reviews this problem in a simpler way with different form of computational vector and results of higher success probability. The next section which represents the priority purpose for this study, presents the effect of the aforementioned noises on this protocol. Now, in order to achieve our aim in this section, let us suppose Alice and Bob are the two senders who are located at spatially separated nodes, wish to help the receiver Chika to prepare two-qubit equatorial state of the form
where will eventually be set as zero. Information about this state is known partially to the senders. Let us suppose α n is known to Alice and β n (n = 1, 2, 3) is known to Bob. This insinuates that there must be a collaboration before the JRSP can be accomplished. We assume that qubits pairs (1, 4), (2, 5) and (3, 6) belongs to Alice, Bob and Chika respectively. Now Alice and Bob perform projective measurements on their respective qubits pairs (1, 4) and (2, 5) 
Bob chooses {|̺ 25 i , i = 1, 2, 3, 4} as his measurements basis. These are related to computational basis vector {|00 , |01 , |10 , |11 } as follows: 
With these measurements basis, the quantum channel linking the three parties can be written as 
where states, the JRSP fails. Thus, one can infer that the probability of success is 1/4. However, we can improve this probability of achieving success by considering some special cases as shown in Table 1 .
JRSP of two-qubit equatorial state in noisy environment
The review in the last section has been carried out within the framework of closed quantum system. However, a realistic quantum system will ineluctably interact with the environment. Without the result of the influence of noise factor on this protocol, this study is not yet complete. This motivates the study in this section. Quantum systems lose their properties as a ramification of undesirable interactions with the environment. Experimental and theoretical works on effects of quantum noises on RSP and JRSP have been reported in refs. ( [24, 25, 26, 27] and refs). To our best knowledge, there has been no report so far on JRSP of two-qubit equatorial state in noisy environment. It is therefore the priority purpose of this section to scrutinize this. We shall consider the aforementioned quantum noisy channels as models for the noise. The analytical expression for fidelity in each cases will be derived in order to determine information loss as quantum information is been transmitted through these channels. 
where λ (0 ≤ λ ≤ 1) denotes the noise parameter. Now, let us begin with bit flip channel. Since qubit pair (3, 6) is not transmitted through noisy channel, ergo, we shall only consider the influence of this noisy channel on qubit pairs (1, 4) and (2, 5) in the shared entangled state. Thus, we have 
where ρ denotes the density matrix of the shared state, i.e., ρ = |Φ Φ| with i, j being element of {0, 1} and the superscripts ( 1425 ) represent the action of operator E on which qubit. From section 2, our review reveals that JRSP will only be successful if Alice's measurements are |ζ 14 1,2 and Bob's measurements are |̺ 25 1,2 except if the two senders assist the receiver as we have explained before. This is also appurtenant under noisy condition. It then insinuates that the fidelity in failure cases cannot be considered. Thus, the shared entangled state (in the basis 123456) becomes a mixed state as a ramification of interaction with the environment. The output density matrix can be determined (in the basis 3, 6) from which we obtain an analytical expression for the fidelity as 
where we have usedω nm = ω nn − ω mm for mathematical simplicity. Our analytic expression shows that the fidelity depends on phase shared and noise parameter. Repeating the same calculation procedure, we obtain the fidelity of JRSP for phase flip channel as
4 and the fidelity of JRSP for bit-phase flip channel as 
In this case, for λ = 1,
We examine the variation of the fidelities as a function of decoherence rate of bit flip, phase flip channel, and bit-phase flip channels in figure 1 . From figures 1(a-c), it can be seen that F p−f (λ = 0) = F p−f (λ = 1) = 1. This result insinuates that if the noisy channel is phase-flip channel, then the JRSP scheme would be successful provided that the decoherence is at its peak. In figure 1(a) , we take α t = β t = 30. It can be seen that the fidelities of the channels dwindle with increasing decoherence until λ = 0.5 which could be deemed as a critical point for phase damping channel where the variation pattern changes from inverse proportionality to direct proportionality and consequently becoming a well.
The turning point can be observed for other noisy channels by taking α t = β t = 180 as in figure   1b . The vertex of each curve falls on the axis of the symmetry which then yields λ = 0.5 as the turning point. Moreover, the scenario is quite different in figure 1c by considering α t = β t = 300.
Generally speaking, the analysis of figures 1(a-c) evinces that the fidelity of the quantum system can be permuted via variation of phase information.
JRSP in amplitude-damping channel
Amplitude-damping noise represents one of the valuable decoherence noise which provides us with description of energy-dissipation effects due to loss of energy from quantum state. For instance, within the framework of weak Born-Markov approximation, the model for amplitude-damping noise is very resourceful in elucidating spontaneous emission of a photon by a two-level system into an environment of photon at a lilliputian temperature. Experimentally, this noisy channel can be 
where λ A (0 ≤ λ A ≤ 1) represents the decoherence rate which characterizes the probability error of amplitude-damping when a particle passes through a noisy channel. Since qubit pair (3, 6) is not transmitted through noisy channel, thus the effect of the amplitude-damping noise on the shared entangled state can be represented as follows:
where i, j ∈ {0, 1} and the superscripts ( 1425 ) denote the action of operator E on which qubit. The shared state which becomes a mixed state after particles distribution. The density matrix of the output state (in the basis 36) can be found and in order to determine closeness of the final state to the initial state, we employ the fidelity . Thus, we have
which is a function of phase parameter and the decoherence rate. For λ A = 0, then F = 1 which denotes a perfect JRSP while for λ A = 1, F = 1/16(1 + e 2ω 30 ). Figure 2 (a) shows the plot of fidelity given by Eq. (11) as a function of decoherence rate. We observe that the fidelity dwindles as λ A increases. Furthermore, as a subplot (α), we have the contour plot of the fidelity as a function of λ A and α 1 (rad). This figure reveals that varying the phase factor has no effect on the fidelity.
JRSP in phase-damping channel
In this subsection, we examine the effect of phase-damping channel on the JRSP of two-qubit equatorial state. This channel provides a simple model for decoherence. It also describes the loss of quantum information without loss of energy which denotes one of the important feature of this channel. In fact, one could say that this channel models a noise effect that is exclusively quantum mechanical in nature. A typical example of this is randomly scattering of photon as it transverses through a waveguide. The energy eigenstate does not vary as a function of time, instead it amasses phase which commensurates with eigenvalue. Consequently, the limited information regarding the relative phase between energy eigenstates is lost when the evolution time is not known. The behavior of this noise is characterized by the following set of Kraus operators [27, 28, 29, 30 ]
where λ P (0 ≤ λ P ≤ 1) denotes the decoherence rate for the phase-damping noise. Again, we consider the fact that qubit pair (3, 6) is not transmitted through noisy channel, we express the effect of the phase-damping noise on the shared entangled state as
The closeness of the final state to the initial state can be calculated as
which is independent of phase parameters but depends on the decoherence rate. For λ P = 0, F = 1 which symbolizes a perfect JRSP. However, for η P = 1, F = 1/8. 
JRSP in depolarizing channel
In this subsection, we examine the effect of depolarizing noise on the JRSP of two-qubit equatorial state. Depolarizing channel can be described as a model that has outstanding symmetry properties which introduce white noise. The behavior of this noise is characterized by the following set of Kraus operators [27, 28, 29, 30 ]
where λ D (0 ≤ λ D ≤ 1) denotes the decoherence rate for the depolarizing noise. Here, we also consider the fact that only qubit pair (1, 4) and (2, 5) are transmitted through noisy channel. Consequently, the effect of the depolarizing noise on the shared entangled state can be expressed as
where i, j ∈ {0, 1, 2, 3}. Following the same calculation procedure of subsections 3.1 − 3.3, we obtain the fidelity as 
which is a function of phase parameter and the decoherence rate. For λ D = 0, then F = 1 which is perfect JRSP. In figure 2 (b) we examine the variation of fidelity for depolarizing channel as a function of λ D . This figure shows that as the depolarizing channel becomes more decoherence, the fidelity reduces. Also, from the subplot (β), we can deduce that altering the phase factor has no effect on the fidelity. Figure 3 shows the variation of fidelities as a function of decoherence rate for various noisy channels. This figure shows that amplitude damping channel is the most decoherence. This can be seen by considering a particular fidelity in figure 3(a) , say F = 0.6, the corresponding value of λ A ≈ 0.25 where as for other noisy channel it is about 0.15. Also, we can infer from this figure that for 0 < λ < 0.65, the information lost via transmission of qubits in amplitude channel is most minimal. Transition occur at λ = 0.65 and for 0.65 < λ ≤ 1, the information lost in phase flip channel becomes the most minimal while for any given λ, the information transmitted through depolarizing channel has the least chance of success. Moreover, figure 3(b) shows that only bit flip and bit-phase flip channels are sensitive to variation in phase factor. damping, phase-damping and depolarizing channels. In (a), we take α t = β t = 30. In (b), we take α t = β t = 300. The line marker "−·" , "-" , "-pentagram", "-o", "-+", "-d" represent bit flip, phase flip, bit-phase flip, amplitude-damping, phase-damping and depolarizing channels respectively. In all cases, t = 1, 2, 3.
Conclusions
Noise is a noteworthy impediment to the development of practical quantum information processing devices. Conceptual comprehension and control of such noise processes would expedite the constructions of many useful quantum information processing systems. In this letter we have reported the influence of noisy channels on joint remote state preparation of two-qubit equatorial state. In order to realize this, first, we examine a scheme for joint remote state preparation of two-qubit equatorial state. We employ two tripartite Greenberger-Horne-Zeilinger (GHZ) entangled states as the quantum channel linking the parties. We found the probability of success to be 1/4. However, this probability has been ameliorated to 3/4 by assuming that the state preparers assist by transmitting individual partial information through classical channel to the receiver non-contemporaneously. Afterward, we investigated the effects of five quantum noises: the bit-flip noise, bit-phase flip noise, amplitudedamping noise, phase-damping noise and depolarizing noise on the JRSP process. We obtain the analytical derivation of the fidelities corresponding to each quantum noisy channel, which is a measure of information loss as the qubits are being distributed in these quantum channels. We found that the system loses some of its properties as a consequence of unwanted interactions with environment.
Our numerical computations reveal that for 0 < λ < 0.65, the information lost via transmission of qubits in amplitude channel is most minimal while for 0.65 < λ ≤ 1, the information lost in phase flip channel becomes the most minimal. Also, for any given λ, the information transmitted through depolarizing channel has the least chance of success. Moreover, if the noisy channel is phase-flip channel, then the JRSP scheme would be successful provided that the decoherence is at its peak.
The result obtained in this study will be useful for making improvements to real implementation of quantum secure communication. This study is another boosterish evidence that justifies quantum entanglement as key resource in quantum information science and it also represents the continuation of our recent studies [27, 31] . We hope that the current study will inspire furtherance in the future by considering multi-preparer with a multi-receiver.
